Introduction
Becker-Stark's inequality is known as that: for 0 < x < π/2, the inequality
holds, where the constants 8 and π 2 are the best possible constants. Shafer-Fink's inequality is known as that: for 0 < x < 1, the inequality 3x
holds, where the constants 3 and π are the best possible constants. Many mathematicians researched Becker-Stark's inequality [1] , [2] , [7] , [9] - [12] and Shafer-Fink's inequality [3] - [6] , [8] , [13] - [15] . As it now, the inequalities were extended in different forms. In this paper, we
give inequalities which are the extended constant parts of inequalities (1.1) and (1.2). Our main theorems in this paper are as follows. 
where
Hence, it suffices to show that G(x) > 0 for 0 < x < π/2. We show two lemmas to prove Theorem 1.1.
Proof of Lemma 2.1. By Taylor series, we have for 0 < x < π/2. Here, for 0 < x < π/2, we obtain
First, we may show that g (x) < 0 for 0 < x ≤ 1. Here, we have
From 24 − π 2 > 0, we have
for 0 < x ≤ 1. Hence, we can get
Therefore, we have
On the other hand, since
and −150 + 7x 2 < 0 for 0 < x ≤ 1, we have h(x) < 0 for 0 < x ≤ 1. Thus, we have f ′ (x) < 0 and f (x) is strictly decreasing for 0 < x < 1. From
we can obtain f (x) > 0 for 0 < x ≤ 1.
Proof of Lemma 2.2. By Taylor series, we have
, where
It suffices to show that f (x) > 0 for 1 < x < π/2. We have the derivative
First, we may show that g (x) > 0 for 1
From −384 + 48π 2 − π 4 ∼ = −7.66808 < 0, we have
Thus, g ′ (x) > 0 and g (x) is strictly increasing for 1 < x < π/2. Here, we can get
and 8 − π 2 < 0, we have
Hence, h(x) > 0 for 1 < x < π/2. Thus, we have f ′ (x) > 0 and f (x) is strictly increasing for
we can obtain f (x) > 0 for 1 < x < π/2.
Proof of Theorem 1.1. By Lemmas 2.1 and 2.2, the proof of Theorem 1.1 is completed.
Proof of Theorem 1.2
We show the following lemma to prove Theorem 1.2.
Lemma 2.3. For 0 < t < 1, we have
Proof of Lemma 2.3. We set
Then, since we have
It suffices to show that f (x) > 0 for 0 < x < 1. The derivative of f (x) gives
and we set t = x 2 then the function f ′ (x) is equal to
From Lemma 2.3, we can consider the following logarithm function: for 0 < t < 1,
The derivative of g (t ) gives 3 , where
We have derivative
Therefore, h(t ) is strictly decreasing for 0 < t < 1. From h(0) = −181 + 60π ∼ = 7.49556 and h(1) = 56 − 34π + 5π 2 ∼ = −1.46613. there exists a uniquely real number t 0 with 0 < t 0 < 1 such that h(t 0 ) = 0, h(t ) > 0 for 0 < t < t 0 and h(t ) < 0 for t 0 < t < 1. Since we have g ′ (t ) > 0 for 0 < t < t 0 and g ′ (t ) < 0 for t 0 < t < 1, g (t ) is strictly increasing for 0 < t < t 0 and g (t ) is strictly decreasing for t 0 < t < 1. From g (0) = 0 and g (1+) = −∞, there exists a uniquely real number t 1 with 0 < t 1 < 1 such that g (t 1 ) = 0, g (t ) > 0 for 0 < t < t 1 and g (t ) < 0 for t 1 < t < 1. Therefore,
we can obtain a uniquely real number x 1 with 0 < x 1 < 1 such that f ′ (x 1 ) = 0, f ′ (x 1 ) > 0 for 0 < x < x 1 and f ′ (x 1 ) < 0 for x 1 < x < 1. Thus, f (x) is strictly increasing for 0 < x < x 1 and f (x)
is strictly decreasing for x 1 < x < 1. From f (0) = 0 and f (1) = 0, we have f (x) > 0 for 0 < x < 1.
This completes the proof of Theorem 1.2.
